(B) £F P() transforms L 2 (0, oo;rf^) onto Z/ 2 (-oo, +o Such a spectral measure is unique 03 and is called the Weyl spectral measure. Let us call a spectral measure p(X) which only satisfies (A) a pseudospectral measure.
I. M. Gelfand and B. M. Levitan succeeded in determining the potential function q(x) from a given spectral measure p(X). In general, however, p(X) turns out to be a pseudo-spectral measure for the equation with the q(x) thus determined. They gave a sufficient condition for p(X) to be the Weyl spectral measure. In particular, if p(X) vanishes for large -X, p(X) will be the Weyl spectral measure (Gelfand-Levitan [4] ).
Also M. G. Krein gave a sufficient and necessary condition for a pseudo-spectral measure to be the Weyl spectral measure (Krein [7] ). Previous to them V. A. Marcenko proved that q(x) is uniquely determined by p(X) (Marcenko [9] ).
We are interested in the condition which q(x) should satisfy in order that every pseudo-spectral measure of the equation be the Weyl spectral measure.
We shall prove in § 1 that, in the limit-point case at infinity, a pseudospectral measure is the Weyl spectral measure and that, in the limit-circle case at infinity, there always exists a pseudo-spectral measure which is not the Weyl spectral measure.
Combining this theorem with the result of Gelfand-Levitan, we see that the spectrum in the limit-circle case at infinity is always unbounded below ( §2). 
the spectrum is discrete and unbounded below. Also D. B. Sears and E. C. Titchmarsh obtained the following result: if the inequality (0. 3) holds, the equation is of the limit-circle type at infinity and hence the spectrum is discrete (Sears-Titchmarsh [11] , Titchmarsh [13] ). Our theorem gave a proof of lower unboundedness of the spectrum.
Proposition 3 in § 2 is due to Y. Saito.
(1) In the limit-circle case at infinity we set a boundary condition at infinity.
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where g(z) is a locally summable function and c is a constant.
We shall define a symmetric operator L 0 with the domain <D Q by
Let us define a pseudo-spectral measure as a spectral measure which satisfies the following identity for every f(x) in the class C 0 of all continuous functions each of which has a compact carrier,
; dp). Since C 0 is dense in L 2 (0, oo \dx\ we can extend £?" to the isometric transformation 3p which is defined on L 2 (0, oo;^). £Fp is expressed for every
We shall define a bounded linear transformation £F* from L 2 (-oo, + oo ; dp) onto L 2 (0, oo ; dx) by (1.4) <3'*| ) /> = <f ) £F P /> P .
Here < , > and < , > p are the inner products in £ 2 (0, oo ;dx) and L 2 (-oo, -f-oo ; rfp), respectively.
Wehave||ff p *f||i£||f||p. Putting % = 3ph in (1. 4), we have
Hence it follows that £F* SFp is the identity operator.
continuous function £(X) which has a compact carrier.
Proof. By the definition we have
Suppose that f(x) belongs to C Q . Then we get o
Hence we obtain -0.
Since this identity holds for every f(x) in C Q , we have the proposition.
Corollary. Let p(X) 6e « pseudo-spectral measure. Then for every
h(x) in L 2 (0, oo ; dx) we have is a complete system. Hence p(X) is not the Weyl spectral measure.
In the limit-point case at infinity the operator L 0 is essentially selfadjoint. The class Sip of all functions which can be expressed in the form Hence the identity holds, because £(X) and 3? P E±f(\) are othhogonal. Since £" A is a projection, we have (1.
13) <
On the other hand, since P A is a projection, we have by (1. 10) (1. 14) <EJ, /> = <P A £F P /, £? P />p = ||P A ff P /||; .
Comparing (1. 13) with (1. 14), we get
\\3 f Ej\\i = \\p^fm.
Hence we obtain from (1. 12) the identity
HfllS = o.
Since C 0 is dense in L 2 (0, oo \dx), the identity (1. 9) is proved. Suppose that a function ??(X) in L 2 ( -cx> , + oo ; rfp) satisfies <^?, Stpfy?-0 for every /(#) in L 2 (0, oo;rf^). We prove that 77 = 0 in L 2 (-oo, +oo;Jp).
It follows from (1. 9) that P A £? P /(X) belongs to the image of £F P for every See also Ikebe [6] .
Remark 3.
If we assume the existence of the Weyl spectral measure, we can prove the second part of our theorem more easily using Lemma 2 in Saito [10] § 1. See Remark in Saito [10] § 1. § 2 0 Pseudo-spectral measures in the limit-circle case at infinity
The spectrum in the limit-circle case at infinity is discrete (Weyl [14] ). Now we shall prove Theorem 2. The spectrum in the limit-circle case at infinity is always unbounded below.
Proof.
We parametrize boundary conditions at infinity with a which varies over [0, 2n}. Let p a (X) be the Weyl spectral measure under the boundary condition parametrized with a.
First we shall prove that there exists at most one value of a for which Pa,(X) vanishes for large -X. Suppose in contrary that there exist two such values a ± and a 2 . Then we could construct from p^X) and p a>2 (X) a pseudo-spectral measure p(X)which is not the Weyl spectral measure and vanishes for large -X. But this is impossible, because by a result of Gelfand-Levitan (Gelfand-Levitan [4] , Levitan [8] ) every pseudo-spectral measure that vanishes for large -X is the Weyl spectral measure.
If there exists a parameter a Q such thatp QJO (X) vanishes for large -X, we have for every f(x) in 3) Q where c is a real constant. Then every self-adjoint extension of L 0 becomes lower bounded.
cl)
Hence every p a (X) vanishes for large -X. This is a contradiction.
Corollary. For every pseudo-spectral measure p(\) in the limit-circle case at infinity } the support of the measure dp is unbounded below. J" I ?(*) I -"*<&< oo, the equation is of the limit-circle type at infinity and hence the spectrum is discrete (Titchmarsh [13] , Theorem 5. 11., Dunford-Schwartz [2] , 1448., Sears-Titchmarsh [11] ). Combining our theorem with Sears-Titchmarsh's we have the following result:
Under the conditions (a) and (b), if the inequality (2. 1) holds, then the spectrum is discrete and unbounded below. 
